Let G be a p-adic connected reductive group with Lie algebra g. For a parabolic subgroup P ⊂ G and a finite-dimensional locally analytic representation V of P, we study the induced locally analytic G-representation W = Ind G P (V ). Our result is the following criterion concerning the topological irreducibility of W . If the Verma module U (g) ⊗ U (p) V ′ associated to the dual representation V ′ is irreducible then W is topologically irreducible as well.
Introduction
One of the principal methods for constructing representations of reductive groups is to induce representations of parabolic subgroups which come by inflation from representations of Levi factors. This applies for example to the theory of algebraic representations as well as to the theory of smooth representations of p-adic reductive groups. In this paper we consider parabolically induced representations in the theory of locally analytic representations of p-adic reductive groups. A systematic framework to study locally analytic representations of p-adic groups was developed in the recent years mainly by P. Schneider and J. Teitelbaum, cf. [ST1] , [ST2] . Algebraic representations and smooth representations, as well as tensor products of these, provide first examples of such locally analytic representations, but there are much more. For instance, the representations which are locally analytically induced from representations of parabolic subgroups. Locally analytic principal series representations for SL 2 (L), L a finite extension of Q p , were already defined and studied by Y. Morita in [Mo] . They were later reconsidered for the group GL 2 in [ST1] (in the case L = Q p ) and [KS] (for arbitrary L).
In this paper we prove a general criterion for the irreducibility of parabolically induced locally analytic representations. In his thesis H. Frommer, cf. [Fr] , studied locally analytic representations of G = G(Q p ), where G is a split reductive group over Q p , which are induced from finite-dimensional representations V of a parabolic subgroup P ⊂ G. His main theorem is a criterion for the (topological) irreducibility of the induced representation Ind G P (V ) in terms of a canonically associated Verma module. The crucial idea is to compare the structure of the dual space (Ind G P (V )) ′ as a module over the distribution algebra D(G, K) , where G ⊂ G is a maximal compact subgroup, with the structure of an associated Verma module over the universal enveloping algebra U(g). In order to pass from D(G, K) to U(g) one needs a technical result about their relation and Frommer only showed this for L = Q p . This is the reason for the restriction to the base field Q p . Later J. Kohlhaase ([K] ) proved this technical result for arbitrary finite extensions L over Q p , which we use here to generalize Frommer's theorem to the case of a not necessarily split reductive group over an arbitrary extension of Q p .
In order to state our main result let G be a connected reductive group over L, and let P ⊂ G be a parabolic subgroup. We consider a locally analytic representation V of the group P = P(L) which comes by inflation from a Levi subgroup and put G = G (L) . Then we have:
Main result: The induced locally analytic representation Ind G P (V ) is topologically irreducible if U(g) ⊗ U (p) V ′ is irreducible as a module over the universal enveloping algebra U(g).
Our overall strategy of proof follows basically Frommer's treatment. However, we found that one essential argument in [Fr] , stating that certain distribution algebras are integral domains, is not obvious, as it is claimed there.
But beside the fact that it is desirable to have such a criterion for the irreducibility in general, a motivation was provided by the concrete example of certain Q p -analytic principal series representations of GL 2 (Q p 2 ) (regarded as a group over Q p ). The interest in these come from conjectural relations to two-dimensional crystalline representations of Gal(Q p |Q p 2 ). It is certain that such parabolically induced locally analytic representations are generally of interest in the realm of the p-adic Langlands program.
Notation. We let p be a prime number and denote by L a finite extension of Q p . The normalized p-adic (logarithmic) valuation is denoted by v p (i.e. v p (p) = 1). We let K be a complete discretely valued field extension of L, whose absolute value restricts to the absolute value of L. The rings of integers are denoted by o L and o K , respectively. For notions and notation in the context of non-archimedean functional analysis we refer to [S] .
Distribution algebras and locally analytic representations
2.1. Distribution algebras. In this section we recall some definitions and results about algebras of distributions attached to locally analytic groups (cf. [ST1] , [ST2] ). We consider a locally L-analytic group H and denote by C an (H, K) = C an L (H, K) the locally convex K-vector space of locally L-analytic functions on H as defined in [ST1] , sec. 2. The strong dual
is a topological K-algebra, called the algebra of K-valued distributions on H. If furthermore H is compact then D(H, K) has the structure of a Fréchet algebra. The multiplication δ 1 * δ 2 of distributions δ 1 , δ 2 ∈ D(H, K) is defined by
where the distribution δ 1⊗ δ 2 ∈ D(H × H, K) has the property that for functions f 1 , f 2 ∈ C an (H, K), one has
The universal enveloping algebra U(h) of the Lie algebra h = Lie(H) of H acts naturally on C an (H, K). On elements x ∈ h, this action is given by
This gives rise to an embedding of U(h) K 
Here z →ż is the unique K-linear anti-automorphism of U(h) K which induces multiplication by −1 on h. 
iii) ω(g p ) = ω(g) + 1.
As usual one puts ω(1) = ∞ and interprets the above inequalities in the obvious sense, if a term ω(1) occurs. Let ω be a p-valuation on H. The above conditions imply that for any ν > 0 the sets 
is well-defined and a homeomorphism. Moreover,
2.2.2.
Uniform pro-p groups. We recall some definitions and results about pro-p groups (cf. [DDMS], ch. 3, 4) . In this section H will be a pro-p group which is equipped with its topology as a pro-finite group. H is called powerful if p is odd (resp. p = 2) and H/H p (resp. H/H 4 if p = 2) is abelian. Here, H p (resp. H 4 ) is the closure of the subgroup generated by the p-th (resp. fourth) powers of its elements. If H is topologically finitely generated one can show that the subgroups H p (resp. H 4 ) are open and hence automatically closed. The lower p-series (P i (H)) i≥1 of an arbitrary pro-p group H is defined inductively by
If H is topologically finitely generated then the groups P i ( 2.2.3. The canonical p-valuation on uniform groups. Let H be a uniform pro-p group. It carries a distinguished p-valuation ω can which is associated to the lower p-series and which we call the canonical p-valuation. In order to define it, we let ε p = 1 if p = 2 and ε p = 0 for odd p. For h = 1, we then put
To verify that this gives indeed a p-valuation one makes use of the fact that [P i (H), P j (H)] ⊂ P i+j (H) for all i, j ≥ 1 ( [DDMS] , 1.16). For p = 2 one has to use the stronger statement that [P i (H), P j (H)] ⊂ P i+j+1 (H) for all i, j ≥ 1 (cf. [Sch] , 2.2).
Norms induced by p-valuations.
In this section we let H be a compact Lanalytic group. The distribution algebra D(H, K) is then a Fréchet-Stein algebra in the sense of [ST2] , sec. 3. This means in particular that there exists a family of norms r , 1 p < r < 1, on D(H, K) such that, if D r (H, K) denotes the completion of D(H, K) with respect to r , the convolution product * on D(H, E) extends by continuity to a product on D r (H, E). We recall briefly the construction of such a family of norms. This is done in three steps (cf. [ST2] , proof of Thm. 5.1).
Step 1. We denote by R L Qp H the group H when considered as a locally Q p -analytic group, and we put d = dim(R L Qp H). Let H 0 ⊂ R L Qp H be an open normal subgroup which can be equipped with a p-valuation. We fix a p-valuation ω on H 0 . For instance, by [DDMS] , 8.34, we may choose H 0 to be an open normal uniform pro-p subgroup, and we may take for ω the canonical valuation associated to its lower p-series (cf. 2.2.3). Then we consider the graded group gr(H 0 ) (which depends on ω). A choice of a basis of gr(H 0 ) gives rise to a homeomorphism ψ : Z d p → H 0 , cf. 2.2.1, which in turn induces an isomorphism of locally convex K-vector spaces
as well as an isomorphism of K-Banach spaces of continuous functions
Using Mahler expansions ( [L] , III.1.2.4) we can express elements of C(Z d p , K) as series
where c n ∈ K and
for the multi-indices x = (x 1 , . . . , x d ) and n = (n 1 , . . . , n d ) ∈ N d 0 . Further, we have |c n | → 0 as |n| = n 1 + . . . + n d → ∞. A continuous function f ∈ C(Z d p , K) is locally analytic if and only if |c n |r |n| → 0 for some r > 1. Consider the group algebra K[H 0 ] of H 0 . By identifying elements of H 0 with Dirac distributions, we get an embedding K) . It follows that every distribution λ ∈ D(H 0 , K) has the shape
Here, τ (n) is given by τ (n) = i n i ω(h i ). The Banach algebra D r (H 0 , K) is defined to be the completion of D(H 0 , K) with respect to · r . Thus we obtain
Furthermore, for 1 p < r < 1, the norm · r is multiplicative (cf. [ST2] Thm. 4.5) and does not depend on the chosen basis (loc. cit., before Thm. 4.11). We obtain a projective system of noetherian Banach algebras such that
Moreover, the transition maps
are flat for r ≤ r ′ < 1.
Step 2. We extend the norm · r on D(H 0 , K) to a norm on D(R L Qp H, K) as follows. Let η 1 , . . . , η s be a system of coset representatives of H/H 0 . Then the Dirac distributions δ η 1 , . . . , δ ηs form a basis of D(
Again, we obtain a system of sub-multiplicative norms q r , 1 p < r < 1, and a projective system D r (R L Qp H, K) of K-Banach algebras fulfilling the conditions above,
The norms q r do not depend on the chosen representatives. It is worth to remark at this point that the norms q r are in general not multiplicative, because H may contain non-trivial elements of finite order which causes the group ring, as well as the rings of distributions, to have non-trivial zero divisors 1 .
Step 3. Locally L-analytic functions on H are obviously locally Q p -analytic functions on R L Qp H, and hence there is a canonical map
which is a closed embedding (cf. the proof of Thm. 5.1 in [ST2] ). This map induces by duality a continuous surjection
on the distribution algebras. We denote the induced residue norm on
Remark 2.2.5. We keep the notation from the preceding paragraph. In the recipe for the normq r on D L (H, K) given above, we could have carried out steps two and three in reverse order and had got the same norm. To be precise, let · r be the quotient norm on
and can hence consider the maximum normq r on D L (H, K) induced from this decomposition and the norm · r on D L (H 0 , K). Then it is not difficult to check thatq r coincides with the normq r defined above (cf. [Sch] , Lemma 4.4).
2.3. The closure of the enveloping algebra.
2.3.1.
Let H be a compact locally L-analytic group and H 0 ⊂ H be an open normal subgroup, which is equipped with a p-valuation ω. Associated to ω there is a normq r on D(H, K) as defined in 2.2.4, and D(H, K) carries the maximum norm, as explained above. We write 
(2) the corresponding canonical coordinates of the second kind give an isomor-
for which lim |n|→∞ |d n |ν r (X n ) = 0 , and ν r ( n d n X n ) = sup n |d n |ν r (X n ). 
to be an integral domain, we may find a polynomial with a 0 = 0. So, if F ∈ I then
2.4. Locally analytic representations. We conclude this section by recalling some facts of locally analytic representations. Let H be a locally L-analytic group. Recall that a locally analytic representation V = (V, ρ) of H is a locally convex barrelled K-vector space together with a continuous action ρ :
If V is of compact type, i.e., a compact inductive limit of Banach spaces, the strong dual V ′ b is a nuclear Fréchet space and a left D(H, K)-module. The module structure is given as follows:
This functor gives an equivalence of categories
For any closed subgroup H ′ of H and any locally analytic representation V of H ′ , we denote by Ind H H ′ (V ) the induced locally analytic representation. We recall the definition:
We have a Frobenius reciprocity in the category of locally analytic representations (see [Fe] Theorem 4.2.6):
Here, Res H H ′ (W ) denotes as usual the restriction, viewing W via the embedding H ′ ֒→ H as a H ′ -representation. It is easy to check that the following map is an isomorphism of D(H, K)-modules:
with (δ · ϕ)(f ) = δ(g → ϕ(f (g))).
Representations induced from a parabolic subgroup
3.1. The setting and statement of the main result.
3.1.1. We consider a connected reductive algebraic group G over the finite extension L of Q p . Let S ⊂ G be a maximal split torus over L. Fix a minimal parabolic subgroup P 0 of G which contains S and denote by U 0 its unipotent radical. The choice of P 0 determines subsets Φ + ⊃ ∆ of positive and simple roots, respectively, in the root system Φ of G with respect to S. Let P be a parabolic subgroup containing P 0 with unipotent radical U. Let M be the Levi subgroup of P containing S. Let W be the Weyl group of G with respect to S, and let W P ⊂ W be the Weyl group of the Levi subgroup M. Finally, we denote by Φ red the set of reduced roots of Φ.
We denote the corresponding groups of L-valued points by bold letters:
which we consider as locally L-analytic groups. The Lie algebras will be denoted by gothic letters, i.e., g = Lie(G) , p = Lie(P) , s = Lie(S) , etc.
3.1.2. We let
be a representation of P which comes by inflation from a locally L-analytic representation of M on a finite-dimensional K-vector space V . We are interested in the locally analytic induced representation Ind G P (ρ) and our main result gives a criterion for the topological irreducibility of this locally L-analytic representation of G in terms of the generalized Verma module
Here ρ ′ is the derived representation of p on the dual space V ′ = Hom K (V, K). Our main result then is
3.2. The structure of the proof.
3.2.1. Reduction to simply connected groups. The first step is to reduce to the case where G is a semi-simple simply connected algebraic group. In fact, letG be the simply connected cover of the derived group G der of G. Denote byP ⊂G the parabolic subgroup which maps onto P. From the identification G/P ∼ =G/P we deduce an identification of representations ofG
Hereρ is the representation ofP given by the composition of the natural mapP → P and ρ. The action ofG on the right comes from the homomorphismG → G. It follows that Ind G P (ρ) is a (topologically) irreducible G-representation if IndG P (ρ) is a (topologically) irreducibleG-representation. The same argument applies to the Verma modules. Therefore, we will assume from now on that G is semi-simple and simply connected.
3.2.2.
Passage to representations of compact groups. The second step is to reduce the analysis of the induced representation to a question about representations of compact groups. To this end we fix a special maximal compact subgroup G ⊂ G. From the Iwasawa decomposition G = G · P (cf. [Ca] , sec. 3.5), we deduce an isomorphism of G-representations
. Then we let P ⊂ G be a parahoric subgroup of the same type as P, and put P + = P ∩ P = G ∩ P. We note that every element of the Weyl group W of G with respect to S has a representative in G (cf. [BT1] , 4.2.3), and hence we identify W with (N G (S) ∩ G)/(Z G (S) ∩ G). The same remark applies to the Weyl group W P . From the Bruhat-Tits decomposition we deduce that
(cf. [Ca] 3.5 in the Iwahori case, the general case follows easily from [BT2] , 5.2.10, since G is semi-simple and simply connected). This in turn shows that as representations of P we have
where P + w = P ∩ wP + w −1 . For w ∈ W P \W/W P , we let M w (ρ) be the D(P, K)module dual to Ind P P ∩P + w (ρ w ), i.e.,
We get
Assuming that all D(P, K)-modules M w (ρ) are simple we show in 3.5.1 that they are pairwise non-isomorphic. This implies that the left hand side is a simple D(G, K)-module, which in turn shows that Ind G G∩P (ρ) is a topologically irreducible G-representation.
Induced representations of the parahoric subgroup.
For studying the modules M w (ρ) we use the Iwahori product decomposition, cf. 3.3.2,
where U − w = P ∩wU − w −1 and U − is the unipotent radical of the parabolic subgroup opposite to P. Let V w denote the vector space V equipped with the action ρ w of P + w given by ρ w (h) = ρ(w −1 hw). The dévissage to the action of the Lie algebra will be carried out via the completed distribution algebras. We choose an open uniform normal subgroup P 0 ⊂ P such that
The completed distribution algebras of P (U − w and P + w , resp.) are defined by means of the canonical p-valuation on P 0 (its restriction to U − w,0 and P + w,0 , resp.), cf. 2.2.4. Next we note that the action of D(P + w , K) on V ′ w extends for r < 1 sufficiently close to 1 to an action of D r (P + w , K) on V ′ w , cf. 3.4.2. Thus we can define
One can then show that M w (ρ) is a simple D(P, K)-module if M w r (ρ) is a simple D r (P, K)-module for a sequence of r's tending to 1, cf. 3.4.8. For r < 1 sufficiently close to 1, we have a canonical isomorphism of Banach spaces
which in turn gives rise to a canonical isomorphism of D r (U − w , K)-modules
cf. 3.4.2. Using the integrality of the distribution algebra D r (U − w , K), cf. 3.3.5, together with 2.3.3 (which is a corollary of 2.3.2) we prove that any non-zero D r (P, K)submodule N of M w r (ρ) has non-zero intersection with
cf. 3.4.6. Using general results about orthogonal bases we can even infer that N has non-zero intersection with
But it is not difficult to see that if m(ρ) = m 1 (ρ) = U(g) ⊗ p V ′ is a simple U(g)module, then m w (ρ) is a simple U(g)-module for all w, and this implies that M w r (ρ) is a simple D r (P, K)-module for all w and all r sufficiently close to 1. Hence, by our previous remark, M w (ρ) is a simple D(P, K)-module for all w. From what we have said at the end of 3.2.2 it then follows that Ind G G∩P (ρ) is a topologically irreducible G-representation.
3.3. Parahoric subgroups and their distribution algebras.
3.3.1.
Recall that by the reasoning in the beginning of sec. 3.2 we will assume G to be semi-simple and simply connected. For the following compare [Ca] , sec. 3.5. The torus S determines an apartment A in the Bruhat-Tits building of G over L. We fix a special vertex x 0 in the apartment A. Then there is a unique conical chamber C in A having x 0 as apex and satisfying the following property: for every u in the unipotent radical U 0 of P 0 the intersection C ∩ uC contains a translate of C. Moreover, there is a unique chamber C 0 in C having x 0 as one of its vertices. We let G ⊂ G be the stabilizer of x 0 and P 0 ⊂ G the pointwise stabilizer of C 0 . Let α ⊥ ⊂ X * (S) R be the orthogonal complement under the natural pairing
is a facet of C 0 and we let P be its pointwise stabilizer. It is a parahoric subgroup of the same type as P. Both groups correspond to a subset I ⊂ ∆. Let U − be the unipotent radical of the parabolic subgroup of G opposite to P. For w ∈ W P \W/W P , we put
Lemma 3.3.2. The multiplication map P + w × U − w −→ P is an isomorphism of locally L-analytic manifolds. In particular, there are decompositions
Proof. Let N be the normalizer of S in G. By [Ti] , 3.1.1, we have a product decomposition
where the product is taken with respect to any ordering on the roots. Let Φ red I ⊂ Φ red be the set of roots generated by I. Then
We have
Since M normalizes the factors of these groups, we get
3.3.3. Defining norms on D(P, K). Let P 1 ⊂ P be an open uniform subgroup. Its Z p -Lie algebra L P 1 = (P 1 , +), in the sense of [DDMS], 4.3, 9.4 , is a powerful Lie algebra over Z p . This means that for all x, y ∈ L P 1 one has
where ε p is defined as in 2.2.3. We choose Z p -lattices
1 and L 2 = p m L ′ 2 and their sum L 0 = L 1 ⊕ L 2 are then in fact powerful Z p -Lie algebras. These in turn correspond to uniform pro-p subgroups U − w,0 := exp(L 1 ) ⊂ P 0 := exp(L 0 ) , P + w,0 := exp(L 2 ) ⊂ P 0 of P 1 (cf. [DDMS], 9.10) . For m large enough one has U − w,0 ⊂ U − w and P + w,0 ⊂ P + w , and this we want to assume from now on. We remark that it is easy to see that we may choose L ′ 1 (and hence L 1 ) in such a way that the pair (L 1 , U − w,0 = exp(L 1 )) has the properties (1)-(3) from thm. 2.3.2. We have P 0 = U − w,0 · P + w,0 , and for the canonical p-valuation on P 0 : ω can (exp(x) exp(y)) = 1 + ε p + min{a, b} = min{ω can (exp(x)), ω can (exp(y))} , where a, b are such that x ∈ p a L 1 \ p a+1 L 1 and y ∈ p b L 2 \ p b+1 L 2 (with a (resp. b) being ∞ if x = 0 (resp. y = 0)). Note that U − w,0 and P + w,0 are open subgroups of U − w and P + w , resp., and are hence naturally L-analytic groups. In order to define the norms q r on the rings D(P, K), D(U − w , K) and D(P + w , K) we work with the uniform subgroups P 0 , U − w,0 and P + w,0 and the canonical p-valuations on these groups, following the recipe explained in 2.2.4.
(ii) We equip the rings D Qp (P 0 , K), D Qp (U − w,0 , K) and D Qp (P + w,0 , K) with the norm · r , 1 p < r < 1, associated to the canonical p-valuation. The rings D Qp (P, K), D Qp (U − w , K) and D Qp (P + w , K) carry the maximum norms q r , and D L (P, K), D L (U − w , K), D L (P + w , K) as well as D L (P 0 , K), D L (U − w,0 , K) and D L (P + w,0 , K) are equipped with the quotient normsq r . On the tensor products of these spaces we put the usual induced norm. Then the isomorphisms in (i) induce isometries of topological K-vector spaces
(iii) The isometries in (ii) furnish isometries of the completions
is easily checked using the definitions of the locally convex topologies on the spaces of locally analytic functions (cf. [S] for the inductive limit topology on the space of locally analytic functions). (ii) Let h 1 , . . . , h d ′ be a p-basis of U − w,0 and h d ′ +1 , . . . , h d be a p-basis of P + w,0 . For u ∈ U − w,0 , p ∈ P + w,0 we have by the discussion in 3.3.3 ω can (up) = min{ω can (u), ω can (p)} , so that h 1 , . . . , h d ′ , h d ′ +1 , . . . , h d is a p-basis of P 0 . Elements of D Qp (P 0 , K) have a unique expansion as series of the form
From this we deduce immediately that the canonical map
is an isometry when equipped with the norm · r on the left hand side and with the induced norm on the tensor product. Consider the canonical commutative diagram
Letq r denote the quotient norm on D L (U − w,0 , K) as well as on D L (P + w,0 , K), and let q r ⊗q r be the induced norm on the tensor product. On the other hand, let · r ⊗ · r be the norm on D Qp (U − w,0 , K)⊗ K D Qp (P + w,0 , K), and denote by · r ⊗ · r the norm on D L (U − w,0 , K)⊗ K D L (P + w,0 , K) induced by the surjection
It is easily checked thatq r ⊗q r = · r ⊗ · r , which shows that
is an isometry. Finally, using remark 2.2.5 we can conclude that
is an isometry too.
(iii) This statement follows from (ii).
Proposition 3.3.5. For r < 1 sufficiently close to 1, the ring D r (U − w , K) is an integral domain.
Proof. Letq r be the norm on D r (U − w , K) defined by means of the uniform subgroup U − w,0 (using the canonical p-valuation on U − w,0 ) as explained in 2.2.4. The key idea of the proof is to embed D r (U − w , K) in another distribution ring of the form D r ′ (U, K) which is an integral domain. First we note that for any open subgroup U of wU − w −1 there is an element s in the torus S such that sU − w s −1 is contained in U. By [Sch] , 3.20, there is an open compact uniform pro-p subgroup U ⊂ wU − w −1 and a norm q U r ′ , 1 p < r ′ < 1, on D(U, K) defined by means of the canonical p-valuation on U (as in 2.2.4) such that the completion D r ′ (U, K) has the property that the associated graded ring gr(D r ′ (U, K)) is a polynomial ring over gr (K) . In particular, the norm q U r ′ is multiplicative and therefore D r ′ (U, K) is an integral domain. For later use we remark that for r ′ ≤ r ′′ < 1 the canonical map D r ′′ (U, K) → D r ′ (U, K) is injective, so we may take r ′ as close to 1 as we wish. As we can embed U − w into U by conjugation we may in fact assume that U − w is contained in U. Because U − w is of finite index in U we have an embedding of topological rings
) . We will show that this embedding induces an embedding D r (U − w , K) ֒→ D r ′ (U, K) for r sufficiently close to 1. Let h 1 , . . . , h d ′ be a p-basis of the uniform pro-p group
This shows that in fact for all λ ∈ D(U − w,0 , K), one hasq U r ′ (λ) ≤q r (λ). Hence there is for such r, a continuous map of the completions D r (U − w,0 , K) → D r ′ (U, K), which in turn induces a continuous map D r (U − w , K) → D r ′ (U, K). The same argument as above shows that, if for some r 0 ∈ ( 1 p , 1) we equip D(U, K) with the maximum norm µ r 0 induced byq r 0 and the inclusion D(U − w,0 , K) ⊂ D(U, K), we find r ′ ∈ (r 0 , 1) such that the identity extends to a continuous map
where on the right hand side we have the completion of D(U, K) with respect to µ r 0 . The composed map
into the completion of D(U − w , K) with respect to µ r 0 , but the latter is simply D r 0 (U − w , K), and the induced map
Corollary 3.3.6. Let r ∈ ( 1 p , 1) be such that 3.3.5 holds. Then any non-zero left ideal I of D r (U − w , K) has non-zero intersection with U r (u − w , U − w,0 ). Proof. We already remarked in 3.3.3 that the lattice L 1 ⊂ u − w and the subgroup U − w,0 = exp(L 1 ) can be chosen to have the properties of the group H 0 in 2.3.2 (i). Using the above proposition 3.3.5 we can apply corollary 2.3.3 whose assertion is exactly the claim made above. 
Via the embedding U(p + w ) ֒→ D(P + w , K) we view V ′ w as a Lie algebra representation of p + w . We put
Next, consider the induced locally analytic representation Ind P P + w (ρ w ) and let
be the corresponding D(P, K)-module. Again, we get by the decomposition above an isomorphism of D(U − , K)-modules
By applying corollary 3.4.5 we can infer that
Therefore, there is an element F ∈ N (i) such that pr i (F ) ∈ U(u − w ) ⊗ Kv i is a weight vector (again by 3.4.5). In order to prove the statement of our proposition, it suffices to show that pr j
We want to show that pr j (F ) can not be a weight vector for the action of U(s). To this end, we choose r ′ ∈ (0, r) sufficiently small such that U
we get a commutative diagram of embeddings
Therefore, we can consider pr j (F ) as an element of U r ′ (u − w , U − w,0 ) ⊗ K Kv j . If pr j (F ) was a weight vector, it would then automatically be an element of U(u − w ) ⊗ L Kv j , by 3.4.5 (ii). Hence, a fortiori, pr j (F ) would be in U r (u − w , U − w,0 ) ⊗ K Kv j . Thus we have shown that pr j (F ) is not a weight vector. Hence we may choose λ ∈ U(s) such that λ · pr j (F ) is not a scalar multiple of pr j (F ). Let C λ ∈ K be the scalar with
Then the non-zero element (λ − C λ ) · F is contained in N (i+1) = 0, which is a contradiction.
Corollary 3.4.7. If m(ρ) = U(g) ⊗ U (p + ) V ′ is a simple U(g)-module then:
is a simple D r (P, K)-module for every w.
Proof. (i) Note that the map
is an isomorphism of the underlying vector spaces. It sends U(g)-submodules to U(g)-submodules. The left hand side is therefore a simple U(g)-module if and only if the right hand side is a simple U(g)-module.
(ii) Let N ⊂ M w r (ρ) be a D r (P, K)-submodule. It is automatically closed because D r (P, K) is noetherian and M w r (ρ) is a finitely generated D r (P, K)-module. By the previous proposition, we see that N ∩m w r (ρ) = 0. By 3.4.5 we get that N ∩m w (ρ) = 0. Since m w (ρ) is a simple U(g)-module, we obtain an inclusion m w (ρ) ⊂ N. Thus we conclude that 1 ⊗ V ′ w is contained in N and therefore N = N r (ρ).
given by the D r (P, K)-module structure of M w r (ρ). If * F is surjective for a cofinal family of numbers r < 1, then so is * F :
Proof. We follow [Fr] , Prop. 8. Let 0 = F ∈ M w (ρ). Let v 1 , . . . , v k be a basis of V ′ w . For each 1 ≤ i ≤ k let λ i ∈ D r (P, K) be such that λ i * F = 1 ⊗ v i . Consider the map
Thus φ r splits the surjective system ( * F : D r (P, K) → D r (U − w , K) ⊗ V ′ w ) r . The entire projective system therefore fulfills the Mittag-Leffler condition showing that * F : D(P, K) → M w (ρ) is surjective.
Theorem 3.4.9. If m(ρ) = U(g) ⊗ U (p + ) V ′ is a simple U(g)-module then
is a simple D(P, K)-module for every w.
Proof. Let F ∈ M w (ρ) be a non-zero element. Then, by 3.4.7, M w r (ρ) is a simple D r (P, K)-module for all r < 1 sufficiently close to 1, and hence D r (P, K) * F = M w r (ρ). By 3.4.8 we then have D(P, K) * F = M w (ρ). Hence M w (ρ) is a simple D(P, K)-module. of locally analytic P -representations. By Frobenius reciprocity this corresponds to a continuous P + w ′ -homomorphism Ind P P + w (ρ w ) → V w ′ . From the decomposition P = U − w · P + w we deduce an isomorphism
of representations of U − w ∩ P + w ′ . Since w = w ′ the intersection w ′ U(w ′ ) −1 ∩ wU − w −1 contains a root group. Here, U is the unipotent radical of P. Therefore,
is a non-trivial L-analytic group of positive dimension. The group w ′ U(w ′ ) −1 acts trivially on V w ′ , by assumption. Thus U acts trivially on V w ′ . A homomorphism
gives therefore rise to a continuous map
which is U-equivariant, with U acting trivially on V . The canonical projection U − w → U\U − w has a locally L-analytic section, so that we can find an isomorphism of locally L-analytic manifolds U − w ≃ U × U ′ with some compact L-analytic manifold U ′ . This isomorphism we may assume to be compatible with the action of U by left translation (acting trivially on U ′ ). This in turn gives rise to an isomorphism
Let λ : V → K be a linear form and fix g ∈ C an L (U ′ , V ). The map φ λ,g : C an L (U, K) → K , f → φ λ,g (f ) = λ(φ(f g)) ,
then has the property that for all u ∈ U:
But as there is no non-zero U-invariant continuous linear form on C an L (U, K), we find that φ λ,g = 0. The functions of the form f · g, f ∈ C an L (U, K), g ∈ C an L (U ′ , V ), span a dense subspace of C an L (U − w , V ). Hence we deduce that λ • φ = 0 for all linear forms λ on V . This shows that φ is necessarily zero. Proof. Consider the decomposition
Each term M w (ρ) is by Theorem 3.4.9 a simple D(P, K)-module. Furthermore, the summands are not pairwise isomorphic by the previous proposition. Since the Weyl group permutes the summands transitively, M(ρ) is a simple D(G, K)-module. By the relation between D(G, K)-modules and representations of G, we conclude that Ind G P + (ρ) is a topologically irreducible representation of G, cf. 2.4. The second assertion follows immediately from (i).
